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o Op_’.'m;za”-OH Mod&.“ha Q‘F &APPGT‘t VEC"OT Machine 'é?'e ?-llf}
linear functidm  w(X) =w' x+ ']:Fnd W.,b. St. Y (WT’“"'b) | Viztre-aa

1)’ W WL boundary Changing W rotates[+ilts +he boundary

b Shi-[:-l s1h_ boundary without Ohangding 1S oriewtotiown

L 4:(WXi+h)20 %EE\E\E _ﬁ-f‘t?l}é‘x% (Wi.bi)works | Cwi,chi) Qlso Works)
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lone S moximhe —  Sot. Ui (W) 21 b
hY?G\'? . > %lm l|Wl‘ {6( ( )
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[ ‘neqr Pt‘o grammi‘ng

[ ‘l‘l‘ﬂdform otiown

#Standarcl form (in Course)  man, CX S Ax=b X2o

@ mox<> min max Cx &> mim  mia (-0)'X

& ;“eq»ml-"tyﬁ eqﬂalHY slack variable fﬁfb&barx +S=ph S20 /Orx2b<i>a7x-s=b . S$20
® sign testtiction Kiso = xi=-¥i 2 Yi >0

@ free variable Fi=x*-%" , Xitzo,Xi 20

(® auxiliaty varioble

minimize = Fi(x) $1.¥€ 0 &> minimde 2t 84, xea Fil) =t ¥
X '= : =

Pref. ot 4 =40%) )f tA SR S SFEX=Z 4 Optimaiey
fﬁ(f)_-_-};;*f-tif *Feas‘ib?(?h/
27 let R€ N, Hhewn (&, Fi(x) == Fm(x)) IS fersible
f ¢ tA) foptmal | xrea  Hi) ST
2 g 1+ (x*) :sTi:‘ti* Gince (K, Fi(x) - ’Pm(”)‘rﬁ +ensible
> T =ERx) D Ip ) 2R

@ Livear froctiong | -prbgrawm.‘..j
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s ' X Av-bre0o<—> Ax<b
- : = o minimpe C gtdz S5 Y
leA 2= oTr+o d= ex+a /.3 ’ eYrar=| &> relofonship[Y.2)

BZO &5 QX +3> ©
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K “
§ MRS [ i20) T NiXT IS O COrvex Combindhion of X, Xi
X€P is on exteme point £ W Capnot —F‘ind V2€P (Igtx_ﬂx\  N€Tod, S X:AWUMZ
NAANAANA
4. Pasic Solution For Ax=p xm\/mﬁiﬂﬁlb ke Acn™"
{ ! (
® Chowge Ony m linepurly independently Columne of A [Ae:rn\“ﬂl“l "‘?qlifm}]
DSehx  Xi=o foralliF RN, - B(m)
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f;-gﬁSIc FQQSH‘JIG SD,lL“l';ﬂn (BFS) XZ X Simplex method SWOAP one bosic and one
Nonbasic Variabie +o find +he Oprimar BFS
For stomdard LP feasible set P= fWIP-": Ax=p, x20}

X s on entreme Point of P(a Corner) & X is o basic Teosible Sylution

proof -
D extreme = 8
ot X be an extreme poiat of P, Fhew Ax=b (x20)

| eA P.:-T-)S'?:)H“;’O?I  Assume X s not BEC r ‘fA;:?-C-P,k lfnear\y oepen dent

D ok $0 S T aGhze S Ax=o (i€n ores)

SVe AlCKted) =Axz et = bto=b

Sinoe  €B . XKi>0 , T€50  XLEL >0 bhoy X3 (X+€a)t7 (K= €Y is o ooweA
Combinaton oT two olIfforem feasible points =  controdiction

@3S S exireme AsSme. Xic npt  Gn extreme pn‘:n-rn-F P

o4 =80 - Bat ST A Avnd 5o brearly indepencent 148, X o

an Oxheme foiut X D x=AYt (IFA)1 2 (AETOIT Y160 Z7axy)
Xiz0s 2 g +li=n) 2, 020, Zjhj> ﬂj-‘f-gi‘:-o ~[—‘0r S

Ong JE€R  AxX=R T¢ inertible = 47=2] =Xj

=> Y=2=xX = centrodiotion

6 .FHM&MW“' Thﬂurtm ﬂ-F Li’nmr progrqm;ng

P=[xeR": Ax=b.x20F (tow(A)=m)

provi @
Similgr <o D A(X—G&);Ax-é}-\d"‘b

- m"'} d - -E'*- ml.'tl"’i _i"'-.—'
conrsioles 20 af-ane - T D Nax-6o Zo0ond O+ jenst one comfnne«-l becomes, o

i‘egﬂ'ﬂnu
Prm-F @) leA % be an Optimal -Feq;‘ible. soluction, but not basic.
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, T
Lot o coefficient C  Cx=9 ( Cuco,x+Ect has Smaller vbjeetive value + C8>o Xx-ca has small@r
objective volue = Conltradict wi+h X s optimal )

= wolkOlong 2% ditectvn 4o fra 4o optimal &S



[e3.) whether itis a poly hedron
() S:I?X-lenl)ﬂib,x"gs\ ,for ullg W l]ﬂl\,‘—ﬂj
Sz (xel [ x>0, I[X!Z]3
S C ¢ HJor xfou . choose 3-.-‘{5-,-‘1_ Sotistying 1Yl)s =
XH = >|(|><||,_ = [\ =
D scg l\x|| \|gl|1_
>S 2 -f.hea“SWel‘ IS Nno
| XY=, for allg W iHh IB]I:\}
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1. Simplex Me+hod [$itsu

O +wo boagic Solutiong cue neig hboring i their bases differ by exao*rly one index
@ Method - | S+ar+ from a BES

© ~ I\ \ ¥ - — .
2 move +v o neighbor BtS (p‘ick one. nON -besic VAriable Xj , moreae i+ Cesrer +he basic)

odjuct bpsic variable 4o hold AXx =b Stop when Some batic varipblR hits O] leave the bm*g)
Original LPmia CTX  ¥(@)=Xx+00l C'x(6)-C'x =0C =0 (Cgdet Cudn )

e o CoTAG Aj | T+he sl b 5 =0 ( O oler C-1
~ - h v l
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le+ yT=CyAg | C; =G -Y'A; ﬁ( AJ@*C&)

Pick any j (C;<9)
1. - ‘ A .
conSicles a line SR =%+0 0 ( ésﬂn\ chovse J-€ N 4o emrter +hR bosisc  dj=1 dJlJ‘H:u

A X(B)=b<&S Ad=p [R4NERALBAIYR] BYe
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NP
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ZAi The index Ottaining +he minimun is the [eaving variable ny d =0 => Uhboynaleol ﬂ%—l-o:l:
“empco | [ di<O, weneed 4o chose B o h&?hﬂﬂdifﬂ/se;r y= aegfd . 2< (R\fi*t)Udl |

3" S40p when all reduced costs Qe nonnegative
Preot  Assume xis o Bfs with bosis & and peduced cost ¢2° A 2=b (220)
U2-X = Au= 0 = Agin+AnUN U — Ae AnMa
C (20 = Oy (AdAnun) * Cnlin =5 (€= CWA) Uj =T Gu,
Xiso REe DXn=0 D U2 - 020
C__}_%o M) 20 =5 Q)T(Q“-){)EQ = QTQ ‘-?_CT;( = X is optimal
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.e. d1€Bh St %:=0 Lextro Constraints are +ight [/ ra+is Tegt Tie I
*Divoting fules

( smallestr indeXx rule) ~
@P:.‘ﬁna's pule 2 Entering Choose —+the Smallest index j wi+h Cj<o

e
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® Mot Negotive fRule Chtvse +ne swmolless Cj
B Mos+ Descent Rule Chovse | With +he gmallest @*Cj
9. Feosi bility Theorem
tphase T auxiliory Lp :  mis "y SA. AK+Y=b x20.Y20

The Original Problem is fepsibie iff the opfimal value of Phae 1 i< o
‘g‘iﬁ feasible —> 3 %20 s4. AX=b Set:uj‘_-g NEr '

AR4Y=b {fa-a_ﬁzo) (S 'Fe&%iﬂq
D& Phose 1 opt. Vame =0 (* .¥%) Y*20
A sp X2y = X s {engible for 6rigin ol LP
[0 .0 Two - phpse Methox
Phace I Finol fepsibility ® encure. bzo @ min I'Y S-t. AxtY=h x Y20
® minimum>o |, LP isinfeasible [ = 0 proceed -+ phase 11

g =0 D gt o

t

Phﬂ%& 1 DPHI'II?JE +he Oﬁginﬁ[ obj,e_oﬁve @ SHar+ 'Fl‘ﬁm th T where H#:D
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O""U“ NUSIS in % @ My QMPI'BX on  Miu CT)(
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II. Simplex Tableau

o Axzb A5 Ax=AT b A=TAp An)  AzA:= [Au Ay AEANISLT Aed]
> AgA [ 21> Xet (AgAn) Xn=Agbh AnzoD> ApsMa'b (df¢)

CE,AE,* CrhAN A 22 Cp [Apb A AnAn) t Crv X
A@,xg t ANKN o (CEAEb) —+ (CN CE,A%AN) N

eh+et~i'ng VOt abe A) OQ.EF '(Aé'ﬁj\ Pimal

Unigue Solution & Clua|  nondegererate

(2. Dual X ~
Primc| Mondeganaro\&é-\wdual Uniaue Solution
minimize C'A MOX imize b"'g
L : - "r {
Subject to0 A;3% = Subect to ATY=C
L x€K'] CYeR"]
3

min mox [Cx+f (b-AN)] &> mag min [ngxr(c-ﬁ"g)]
X20

I+ b#Ax.+hen IYTSt. Y(b-Ax)>% it C-A g“-oqkéﬁ)f St . X (C-AY)>-%  othetwise Chmpse X =0

x Jly)= min cxt Y (bAx) =C "y b-Ad = Xt [duel mArG(Y) no consimies]
M 'L e-YAzo
= gTb-l-ﬂ‘Ilm C 54))({3131-0 -FC&
XZ9

YT ¢ (-) Otheswise

Aﬁ*tﬁﬁﬁ*ﬁ*
> max Y'h . —
st Ay €C Axsb  X= 0 -
j mix —p Y+ M X" (c+A"Y) _—> m%‘y b
49 “=e .t . A'Ysc



_ Primal | misimie || maxmde | Dual

2 b; >0
consirRints =bi =0 bl T o
- =bi I ‘tree vQriasles W % mgw @mﬁn, R ﬁ'@&*};

> O =167}
variables <o >Cj constraints O
—tree =Cj

® Axzbd> Y (b-A)=0 = Y=o
@ M in (C Alg) - /3 > C- /L\ ‘ﬂ’)O (QUOJO{ 30:#&9 10 -ﬂ"> >AT <C
20O
 weak Duality Theorem

Let x be any Hensible Sojution +o +ne ?Fsmal y be any
Lepcible lution +o +he Dual, 4hem b 'Yy< C'x

proof Aesh xo o
~ T =b.X2° (Prima| Te0Sibiliy)
Y= ) 4= T (A EXTC—“C)‘ fTK
b 4 (Ax §= A A'YsC (Duol eosibility )
{ 1 Primial 18 unbounded (-%) —> Dual Tnfensible
£ Dual is unbounded(+2) —> Primal  infeasible

. Strong Dualivy Theorem

I a lineor program(primp) has Qn Optimal Solution , +hen s dual OISO
hOs an optimal sSolution, Gnd  C'x* =b'y*
Dtvof: Assume the Primal has an Optimar Solution x* +hat is & BES wivh

OPtimal basis d. The PEdUCeO‘ LSt CJ" - CE»AE A]?‘

defroe §'=00An'> G ATy =5 Ads ¢ CYisdual fasple)
b7 =BT ( Ay () = CF Aw'= G nes O

= Finite Optimum, Unbounded Infeasibie
Finive  Optimum v, x X

Unboundl X D v,

Infeosible X Vv v

O X >-00 . BYAHART
@O-rx ﬁh’lh. ng %b%\

T T
-{-\or mwn CX 4&=Smox b7 b"élff-‘jx



" CDmpIementarF‘I:\/ Conditions

Le+ XY be -Feasi'ble point< of the primp\ ond dua) Problems‘mspecﬂuely,
Them x OndY ane optimal solutions .-f{ Xi(c;-A'Y)so v
f V(%X =bid=0 v,

O =Ty > Cx-b'ys Ca— YAX =X (Ci-AiTY) %
X1y feasible = Ci-AlY20 Xizo > (C-APRizo (I=(, -, n)
@CTY-ET'Jl 44 x5 - bT.;'a = 4T (Ax-b) = v
A mia X mox b9 — A:-S7=o

St Axsh (x2v) > St. Agrs=c (sz)
e4] Minimze F:'ti

W
Subject to Yi (J{fw+b)+-ti£l Vi=l,--.m (dfﬂﬂtv)xT g .T.) (_z ) Ei

+iz0 = u2o0

5 =0 1 £reQ) t
di ¢ NoXIMize 5'? Al
X Cliag(y) R 3 —
( 'dT-:Fﬁe} usl = Subject +tv A dnaj( /) Us D
I yTM =0

¢ Theorem Of AlRernatives
1+ we can find (O vector X S.t. Ax=o. %20 C'x<0 , +hen AlYsc
Cannot hove (i Solution.
Assume Y st AY=c XAY<sXC Ay = ('
A«‘S -0 [HSzo<pHS <o SDoontradiction

12 Sensrtive Omalysfs
1 local sengitivity (ITnear 0PProximations)

L Unique Solutizn Xx*[y* otherwise no+t difterentione]

© V(b)>maxT ™% | Ax=b, x=0k > @, Vi =y
. T
fual froblem  maxpbe Py (py-pgt 5 ay=TebDY
S. ¢ AY=c
BV ey 2 maxfe™ | Ax=b, 520 ¢ v (C)=Cxt VeV e)x!
@) gobal sensitivity
@ rg"= brdb )?L = A-Lrg - )“fl-AE':QB [‘F@QSIN‘H&Y]
Assume. X8 20 R, wos oplimat befdre change

7 -

prony ~ -+ -
AX =Aute tAnkn =Ap (A'S) = b . X 20 bewuse 20 A= O
Redu ced crSt : - C;ﬂg"Az'o > & is stil| opfimal



ORI Y {E‘E RASE BN L1=AC

ek Ab SACT A cataShe Aann HIBEEHEAR A5 A~ Adhe
et o=l 2 > A+Nd 2D ;o 8 tAfe 20 e At
I+ dp >0, J\z—% ;o dE<o ,/\“5'(—)%:);—'( 1 f de=o no constraimg
> A€ [ max3lower bwunds t min 3 upper bouinds t ]

@ Z =C+4cC é.C_-‘--)\e/]' =D only congioles Cw - C,J"— CEM‘AN

1° jeR Co - (C +xe]) Qs An = T~ A€f KA 20

2 en (GTAeTy - AL = [ e D@ 20 4 o e oty

® ChomgQ A I‘QCOMPM‘FQ, C-J F-[l Cj‘fo = Simplex methoct
“:Or M OXTWnwA 9\1“?

| -
N~~~
|6, The Interior Point Method
AK:‘[‘D .’fE-D A?i=b %20 Uu> o
Thecomm Pt A e e comementart 90

AYsc=c =D Xiz0/Gi=0
a*g . Ai-Qr=U

1i%; =0.V, Start from o certain M.
decredge 44 until fivg o Solution of LP

The Interior Point Method will always *fmol the 0Ptimal Solution with +he mgximum
DOSSible humber O—F non -zeros . Ehigh’r—ran[g]



' 1h+€99/1’ OP-Hmiza'l;ion
|. thoughts of relaxcrion y 2 < vit< VP (for  maximigtion)
2. Total Unimodularity (T )

A is fotal unimodularity i€ the determinant OT ewety square Submotrix of A (s
either (.0,

¢ If Aig TV, big mteger Soll BES o nteders D Simplex Methoo
» Motrix A s TU ;f alt these are true:

The " Row Partition” Test
Matrix A is TU if all these are true:
1. Values: Every entry is 0, +1,0or — 1.
2. Counts: Every column has at most two non-zero entries.

3. Partition: You can split the rows into two teams (Sets B and C)
such that for every column:

3.1 Same Sign Case: If the two non-zeros have the same sign (e.g., both

+1), their rows must be in (one in B, one in C).
3.2 Diff Sign Case: If the two non-zeros have opposite signs (+1, —1),
their rows must be in the (both B or both C).

3. Divide ond ConQuer
0 Pruning fule IT+he Lp Feloxotidn of O bronch 1S 1SS +han Or 2qual +9 CUMat  ncu m bewt

N N

W brune 4is branch exrrﬁnly_ %-b.a_
@ |+ 4ne Solution 15 o i'n-}eger.-then it 1S optimal to the [P
0 [ni+ialize +he (h(umben t = -0

® Subprob leann 1° ]‘n'FE.D&ibIQ Cprune 2" LP valuec I cumbent I:Prunq by bouncl]
%0 Solution s ?m*ege,r Q‘- [n cum et . upda+e)_g+op 4-0 branch

@ oclol constrammty Ai< LK'.'*_] , A2 rx‘*]

‘Nonlinear Optimizption
I. First order Necessary Conditiong (FONC)

[f’ x* i a [ocal an‘:mi:zero'f -+he Uncenstrained Problem z\qu‘F!M - thew w{(x*)=0

2. Second O cder Necessowy Conditions (SONC)

-F (x +tel) = .F(m + t ¥ y 0l + tldTV"'f(x)ol +0 (%)
I'V— o’ “. . ) ?-F(X*I:-D S
X 1S @ [ocal mwnimper of f, then it holds thot r ¢ oheR” dTQ"_F(XtM 290 ( 7 +(x ) ?—0)

[ PSD motrices = A'A hnz TX (A+K) X 4+ A g po symne'l'ric]

3. Second Ofder Sufficient Conditiong [QOSC) { “"f"(*)-'—o
vae\{o} o'vi(xnd>0 (PD)



Proof:  Lewma: )\min(mllxlriﬂ'rﬂﬁf)\mrfﬁ)ll){lll )\ esfenmunlngs Cﬁ IS Symmetric )

Fxead) = $0r) +2d¥H0) d+ o (lar)  g>©

whew P{(x* s PD AT #F0)d SHIAR (g>0 . +he swatiest sigonvaine of 7f0¢))

£ 0xtea) 2 Fx4) + 2|+ 0 (1) = £O) ella’ (3" + 0(::::'1‘))

Cinee dllso %-‘—?D = £ (x*+d)> 0

4. efxy=p Critical point/stationary Ppoint

40x*)= 0 ool 7FX) 15 ndeRinte D gpddle Pont (in d@-‘f:‘n'i'te REFHA)

t. fone for Costroinest problem -
D FPeasbre direction  x€ . ol /s o feasivie directon ot X if 950 s4. Kiden
v N:=3x: AxzbX

for 0 x>b . aleady pove some Sluck i for AIx=b a' (At td) = ai'x+@i'sd 20

> o0 dzo

@ tagent cone T (x)°- {defk"‘; k|0, 1 >q s+ x+ et “ca Vr}
(te 35830 Srddat) AR

1§ N=TXER)Ax=b1 thenfor oy xe L Ta(x) =fdeR™: Ad:0} b+ tAd=b3At

‘ ‘Q:(v AxZb} T (x) fd{ln";a:'dzo—For dctivei ¥ Getive A(X):Fi: A'x=bi ¢

® Normal Cone  Let NER"and et x€ N Nap):TveR® V<o for all de Tacx) ¢

£ n=bY p g (r): {-%&?ia::mao} > ) Nane fo¥ 3 o s A4

Na (M= -2 (N23) Fa'xp  -A(0'd) <y
active constramts

x  Xis a local minimum of mia T . £0x) s continuvusly differentiable, then
for any -Feostb\e direction d at x* .V'FfX*)TU\-’-'-O

(for unconstrained problem ?-F(x‘)TdIO Ond v-F(K*)T(—d)’-'O S f(xX*)=07]

Prodf  Since dis a feasivie direction at x* J1>0 1. X'riden Yostst

> Lt +td) 2F(xY)

£ (<t etd)=F0XF) ¢ tVF(XN 0+ 0 (4) (t>0)  F(xfta)-fO*) TtefMdrony >0

220y z0 for all d€Talh) ~wf) 0 S -Tfpd)L N (X)




6. FoNC for Linearly Conshnrneo\ Probems.
mi‘n'.n:‘:..e +x) 9.t. Ax2b = I-f X*is oulocx| miwinum. Qla_elk Ff"‘*)"ﬁ d=

prosf: s $(x)d Z0 ¥ desq (x4 (6:5x"b)=
& [mm veTd st desar)]20 &S min M0 St a7d z0 ¥reAtsH [Z0

nﬂ. }_f } CIT—Q; 1-F I'GA,(X«). f_O -{:1’61(”\

n ?{—(x‘*) d S=. quo]ZO

olerp_"
+he dual of the problem is M(;Ax 0 St.Yzo Clu=vfix*
)= & O e ¥ => Y20 MM =4TY ¢ (aTx =00

.. - 12 AT
.m‘ﬂém\e +HX) St Ax—b $ vE(xT) A 'j deF {ACK") . A3 9:()@‘):01‘
e

T. Linearized Tangent Cone (x5 : 17:3i()<0}

Lo ()= foeR’ 73:)dso, e A )
O for +he feasible set N=Ta::(x)=<o¥it .  Olways have Ta(x) <L, (x¥)
e Arxt) .9icx®) =02 G (X*+ted¥) (et A€ Ta (XY )

9. (x*+ted®) = Ji (x™ _ w@ S0 (o, dts d o_(:ﬂéo)
R — K

D29 (M d"s0 S €L (x4

® |f x*is o local minimi2er  +hee does pet exist g vector delR” S+t
vft)ol<o and V9i(x%d<o  Vig A(XY) .

Assume. ol exists Ey talover eX?anshm ,-F()(“-t-tol) <1 [>x*)

For each ;- AG*) . 3 (*+4d) = Ji(x)+ 95 () d ~o (t)<o  For Imall =0
foreach 1 €1 (x*) 1 (x*) <o

S Controdicy With XFis O Jocal miniminner
B vscx*mM,vhjmq N,

% VER™ v Toheo, Ve L alx) } = | eaee) uie

] ) N
3. L neur EEdu orma| Cone / o K*)Td""\'.) LU -CA.(K"'H
N (x*) = fﬁz;m:rm : Ni 20 ) 3;(x“)-=°} |

for any u=§lél“79:(><*)WH"'M"ED,\TS?(’&\:’“, Lor Qny deL axh) Vid= %l(?) i Vi (’@) A<V

9. Fri+2-John Conditions
I_F XA :S &lb’cﬁl ﬂ?n?ﬂlhed' . g )\’330 )l ---)‘mlﬁ (ﬂﬁ"i" all Zﬂ.h‘ | S'-t -
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